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An i terat ion scheme is proposed  for  solving both the d i rec t  and the r eve r s e  problem of g r a -  
diental flow which develops in a continuous medium with a power- law rheological  behavior  and 
a yield shear ing s t r e s s .  

Various emulsions and suspensions with mechanical  p roper t i es  very  different than those of an in- 
compress ib le  Newtonian fluid are  widely used in the technological p r o c e s s e s  of pet roleum extract ion and 
pe t ro leum chemis t ry ,  as well as in power plants and in many other branches  of industry.  This non-New- 
tonian behavior  b e c o m e s e v e n  more  pronounced,  as a rule,  when the ra te  of a given p roces s  is increased.  

Among the mathemat ica l  models of a continuous medium suitable for descr ibing the flow of such 
fluids is the rheological  body which combines the p roper t i es  of a power- law fluid (an Ostwald-de-Wal ls  
fluid) with those of a Shvedov-Bingham plast ic  [1, 2]. The theological  equation for  such a medium, in the 
c a s e  of a one-dimensional  planar  flow, is 
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with the rheological  p a r a m e t e r  n. 

The physica l  significance of Eqs.  (1) and (2) is as follows: when I r I > T 0, the medium has ei ther  
dilatant or  pseudoplast ic  p roper t i es ;  when I r I <To, the medium moves as a rigid single body. The rheo-  
logical  equation writ ten in the fo rm (1) r ep resen t s  a general izat ion of Shul 'man ' s  t h r e e - p a r a m e t e r  equa- 

t ion [3]. 

The development of a gradiental  flow of a Shvedov-Bingham plast ic  (n = 1) was considered in [4-6]. 
Here the method of solution shown in [6] will be applied to the development of a gradiental  flow of a medium 
with a more  complicated rheologieal  behavior .  

We will consider  the following problem.  Let a continuous medium with the rheoIogica[ behavior  (1)- 
(2) in a flat channel with fixed walls be set  in motion at time t = 0 by a p r e s su re  gradient  P = 8p/Sz which 

va r ies  with t ime. 

The equation of one-dimensional  planar  flow for a continuous medium with an a rb i t r a ry  rheological  

behavior  is 

Ov = p + 0~ (3) 
on- f 

By virtue of s y m m e t r y  in our case,  it suffices to descr ibe  the state of the medium in the lower half of the 
channel - a  < x < 0 only, with the condition 8v/Sx > 0 assumed to prevai l :  For  the zone of viscous flow we 

have f rom (1) 
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and in t eg ra t ing  this  e x p r e s s i o n  with r e s p e c t  to v a r i a b l e  x f r o m  - a  to x y i e lds  
x 

o = 1__ {" dx. 
ix'/" J .--a 

(4) 

u n d e r  the condi t ion  of  adhes ion  be tween  fluid and channe l  wal l  v ( - a )  = 0. 

I n s e r t i n g  (4) into (3) and a s s u m i n g  that  T{X, t) unde r  the in t eg ra l  s ign is d i f fe ren t iab le  with r e s p e c t  to 
v a r i a b l e  t, we obtain  fo r  T(x,  t) = T(X, t)--r0: 

x l - - n  

o r  = _ p (0 + A .  L r --a- o r  
Ox ix n j at 

- - a  

In teg ra t ing  Eq.  (5) with r e s p e c t  to va r i ab le  x f r o m  x = y(t) to x, whe re  funct ion y(t) d e s c r i b e s  the loca t ion  
of  the in t e r f ace  be tween the v i s c ous  zone and the q u a s i r i g i d  c o r e  in the s t r e a m ,  we a r r i v e  at  the funct ional  
equat ion 

T (x, t) = P (t) (y - -  x) -I- 9__P__ T--U- OT dxdx, (6) 
W1 . c)l 

y - - a  

which has  been  d e r i v e d  f r o m  the condi t ion of  ex i s t ence  of a q u a s i r i g i d  c o r e  T(y ,  t) = 0. 

Wr i t ing  Eq.  (5) fo r  x = y(t) and us ing  the condi t ion  of flow of a quas i r i g id  c o r e  as  a s ingle  body 

OT % 
o---~(y, t)-~ y(t)- 

(a s t e p - b y - s t e p  de r iva t i on  of  this b o u n d a r y  condi t ion can be found in [5, 6]), we obtain the second  funct ional  
equa t ion  

Y l - - r t  

P(t)  -- % 9 1 l' T--z-  OT dx. (7) 
y (t) + . . . . .  F n .  Ot 

- - a  

In d i m e n s i o n l e s s  f o r m ,  (6) and (7) b e c o m e  

x x 1 - -n  

+ L f C O" d ex, u(x, t )=~( t ) (v -x )  n J J ot 

" -' (S) 

i |--n 
S 4- 1 u--g'- Ou dx, 

,~ (t) = y (t) n 0-7- 
z1 

with S = r 0 / P , a ,  u(x, t) = T(x, t ) / P , a ,  the channe l  ha l f -wid th  a taken as  the c h a r a c t e r i s t i c  d imens ion ,  P ,  
denot ing  the c h a r a c t e r i s t i c  7atue of the modu lus  of  the p r e s s u r e  g rad ien t ,  and the c h a r a c t e r i s t i c  t ime 
p p ~ l - n ) / n #  Q+n)/n/~t. 

Since the q u a s i r i g i d  c o r e  occup ies  the en t i r e  flow reg ion  a t  t ime t = 0, hence  y(0) = - 1  and the c o r r e c t  
solut ion to s y s t e m  (8) r e q u i r e s  that  

,p (0) = + S. 

The i t e ra t ion  s c h e m e  for  so lv ing  s y s t e m  (8) is suf f ic ien t ly  obvious  in the c a s e  of e i t he r  the d i r e c t  o r  
the r e v e r s e  p r o b l e m  of a developing  g r a d i e n t a l  f low. 

D i r e c t  P r o b l e m .  In the d i r e c t  p r o b l e m ,  fo r  a known funct ion r  _> S it  is r e q u i r e d  to c o n s t r u c t  
u = u(x, t) and y = y(t) .  R e s o l v i n g  the s econd  of Eqs .  (8) with r e s p e c t  to y(t) ,  we ea s i l y  obtain  the i t e ra t ion  
s c h e m e .  

i f  t-n Ou k u,+,(x, t) = cp (t) (~/h - -  x) + ~ u[  -y-" dxdx,  
n , Ot 

11 h --1 

(9), 

759 



y 

-t.o *~, qa t,z t,e t: Ce ,.8 

Fig. i Fig. 2. 

Fig. I .  Qualitative patternof convergence of the i t e r a -  
tion process for the direct  problem with n = 0.5 and 
c~ = 1: y2(t) curves I ,  2, 3, 4) calculated for S = 0.2, 0.4, 
0.6, and 0.8, respectively.  

Fig. 2. Effect of the power-law exponent n on the charac-  
ter is t iesof .p lanar  flow with a = 1 and S = 2: y2(t) curves 
1, 2, 3, 4) calculated for n = 0.3, 0.5, 0.8, 1.0, respec-  
tively. 
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F i g .  3. E f f e c t o f  p a r a m -  
e t e r  o~ on the c h a r a c t e r i s -  
t i c s  of  f low in a f i a t  c h a n -  
ne l ,  wi th  n = 0 . 3  and  S 
= 0.2: y 2 ( t ) c u r v e s  1, 2, 3) 
c a l e u l a t e d f o r  o~ = 1, 5, 10, 
r e s p e c t i v e l y .  

S 
y~,+~(t) = .~-~ 

- -~ (t) + ln .f u~ n Ouhot dx 

--1 

A s  the z e r o t h  a p p r o x i m a t i o n  we c o n v e n i e n t l y  c h o o s e  the q u a s i s t e a d y  s o l u t i o n  

uo(x, t) = i~ (t) (Vo - -  x),  ( lO)  

Vo(t) = - sq,- l(O.  

F o l l o w i n g  the i t e r a t i o n  s c h e m e  (9)-(10),  we have  c a l c u l a t e d  the z e r o t h ,  the 
f i r s t ,  and  the s e c o n d  a p p r o x i m a t i o n .  F o r  (p = (p (t) we use  the r e l a t i o n  

( p ( t ) = S  l + a t  (II) 
1 + ~ S t  ' 

with which  the t r a n s i e n t  b e h a v i o r  u n d e r  v a r i o u s  r a t e s  of i n c r e a s e  of  the 
p r e s s u r e  g r a d i e n t  cou ld  be  a n a l y z e d .  

The  r e s u l t s  of t h e s e  c a l c u l a t i o n s  a r e  shown in F i g s .  1 -3 .  The  e f f ec t  of  the p l a s t i c i t y  p a r a m e t e r  S 
on the f o r m a t i o n  of a q u a s i r i g i d  c o r e  i s  i n d i c a t e d  in F i g .  1; the e f f ec t  of  the t h e o l o g i c a l  p o w e r - l a w e x p o n e n t  
n on the r e l a t i o n  y = y( t )  i s  i n d i c a t e d  in F i g .  2; and  the e f f ec t  which  the r a t e  of i n c r e a s e  of the p r e s s u r e  
g r a d i e n t  { p a r a m e t e r  ~ )  h a s  on the d i s p l a c e m e n t  of the i n t e r f a c e  b e t w e e n  the two f low z o n e s ,  a s  a func t ion  
of  t i m e ,  i s  i n d i c a t e d  in  F i g .  3. 

R e v e r s e  P r o b l e m .  In the r e v e r s e  p r o b l e m  y = y( t )  i s  a s s u m e d  known,  whi le  func t ions  u = u(x,  t) and  
~o = ~o(t) a r e  sough t .  The  i t e r a t i o n  s c h e m e  b e c o m e s  h e r e :  

u,+z(x,  t) ='q~(t) (y - -  x) + 1 Ou~ dxdx, 
n jd Ot 

u - '  (12) 
Y l - - n  

,Vh+dt) = S + 1 ~  u ~ Ou~ ~ k dx. 
y n -~ Ot 

A s  the z e r o t h  a p p r o x i m a t i o n  we have  c h o s e n  

no(x, t) = %(u ( t ) - -  x), 

s (13) %(0 y(O 
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Fig. 4. Qualitative pat tern  of convergence of the i t e r a t i onp roces s  
for the r eve r se  problem,  depending on the variat ion of respect ive  
p a r a m e t e r s :  (a) curves  1, 2, 3, 4) calculated for ~ = 1, 3, 5, 10, 
respect ively ,  with n = 0.25 and S = 0.8; (b) curves  1, 2, 3, 4) ca l -  
culated for n = 0.25, 0.7, 1.0, 1.4, respect ively ,  with ~ = 1 and S 
= 0.6 (curves 1, 2, 3, 4 for  the case 4b begin to differ in the third 
and the subsequent places  af ter  the decimal  point); (c) curves  1, 
2, 3, 4) calculated for S = 0.2, 0.4, 0.6, 0.8, respect ive ly ,  with 
n = 0 . 5 a n d ~  = 3 .  

Following the i terat ion scheme (12)-(13), we have calculated the zeroth,  the f i rs t ,  and the second 
approxmation.  For  more  specific resu l t s  we used the relat ion 

y ( t ) -  --IS + (S - -  1) exp:(-- st), (14} 

with p a r a m e t e r  c~ descr ibing the rate of increase  of function y = y(t). 

The resu l t s  of these calculations for the r eve r s e  problem are  shown in Fig. 4. 

The effect which the rate of increase  of the p r e s s u r e  gradient  (parameter  a )  has on changing the 
boundary condition at the channel wails, as a function of time, is indicated in Fig. 4a; the effect of the 
rheological  power- law exponent n on the function qo = ~o(t) is indicated in Fig. 4b; and the qualitative pat-  
tern of convergence of the i terat ion p roces s  is indicated in Fig.  4e. 

In conclusion, we wish to point out the regular i ty  of the convergence pattern,  equally applicable to 
both the d i rec t  and the r eve r s e  problem.  The convergence improves ,  within the range of p a r a m e t e r  values 
considered here  (0.2 -< S -< 0.8; 1 -< ~ - 10; 0.25 -< n <- 1.4), as the value of the plast ici ty p a r a m e t e r  S in- 
c r e a s e s  but worsens  with higher values of the p a r a m e t e r s  a and n. 
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N O T A T I O N  

the time; 
the density;  
the tangential shear ing s t r e s s ;  
the yield shear ing s t r e s s ;  
the cha rac te r i s t i c  s t r e s s  in this problem;  
the dynamic viscos i ty ;  
the velocity of the fluid; 
the t r ansve r se  space coordinate;  
the cha rac te r i s t i c  channel dimension; 
the p r e s s u r e  gradient;  
the longitudinal space coordinate;  
the power- law exponent; 
the plas t ic i ty  pa r ame te r ;  
a p a r a m e t e r  which cha rac t e r i ze s  the rate of increase  of the test  function; 
the modulus of the p r e s s u r e  gradient;  
the cha rac te r i s t i c  value of the modulus of the p r e s s u r e  gradient;  
the location of the interface between the viscous zone and the quasir igid  core;  
the consecutive number  of i te ra t ions .  

I. 
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